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Deter minant (Answer s)

11
D= 2x|3 1
4 2

00
=2x2 0 =2X
31

2 0
3

C and C
Use Sarrus rule to expand the given determinant,

R R AR +R b+c a-b
—-R,+R, +
D ° U208 cta b—c

- 2(a+b+c) O

areinratio, therefore D =0.

=—(a+b+c) (@+b*+c?—bc—ca—ab)
4 3
C;>Ci-C| o JRePR-R,

7 -2

D

By Sarrusrule of expansion, result follows.

a b c |0
LHS=1|p q
Xy z 1

rix|1 =RH.S

R,»>R,-R, [0 a
D = 0 b-
R,>R,-R, [1 ¢ c?

=(@a-b)(b-c){(b+c)—-(a+b)}

a

4 3
1 6
3 -5

a-b az—bz‘ _

‘:2><2:4
1 =

D =2abc.

b+c a-b
=(a+b+c)c+a b-c b

a+b+ 2 0 1

=y

(a—b) (b* =) - (b-c)(@ -b?)

=(a=b)(b—c) (c—a)

La &l ¢ (absboscaC, e, & 2 @+D+0
D =[1b b "7 B 2 ‘. b b’(a+b+c)
1 ¢c ¢ 1 ¢ c*(a+b+c)
=(a+ b+ ¢) x determinant in 2(b)
=(at+b+c)(a—b)(b—c)(c—a)
X y z
D R, >R, +(x+y+2)R,-R, N v 2
- YZ+2ZX+ XY YZ+ZX+XY YZ+ZX+ XY
=(yz+zx+xy) (x=y)(y—=z)(z=x)
by (i) takingout (yz+zx+xy) in Rs;
(i) interchange R, with Rz andthen R; with R;
(iii) resultin 2(c) where a=x,b=y,c=z.
D = —8abc+2(b+c)(c+a)(a+b)+2ab+c)+2b(c+a)’+2c(a+ b’

= 2(b+c)(c+a)(a+b)+2ab +c)>—8abc + 2b (c? + 2ca+ &) + 2¢(a’ + 2ab + b?)
= 2(b+c)(c+a)(a+b)+2ab +c)’+ 2bc? + 2ba’ + 2ca’ + 2cb?

= 2(b+c)(c+a)(a+b)+2ab+c)’+2a%(b+c) + 2bc(b + c)

= 2b+c)c+a)(a+b) +2(b+c)fab+c)+a+2bc}

= 2b+c(c+aa+tb)+2(b+c)c+a)(a+bh)

= 4b+c)(c+ta(atb)




1 (ooozR R +R Rl+(n+(ozoaoa2 Lo 0
+R, + -
@ |o o 1 17 PP Pte+e’ o 1|=0 snce l+o+o’ = ®
o 1 o B l+o+0’ 1 o e o
(b) D =1+°+0’-0'-0’-° = 1+1+1l-0-0°-1 (0’=1)
=3—(0’+w+1) =3-0 =3
R R +2R a® b* c’ a b c 1 a a
>R, +
D* 2 b c |=(a+b+cla b c|=—(a+b+c)l b b?
a+b+c a+b+c a+b+c 1 1 1 1 ¢ ¢
={(a+b+c?’(a=b) (b—c) (c—a)
R R 4R +R a+b+c a+b+c a+b+ 1 1 1
—>R, +R, +
D * 7% 20 b-c-a  2b [=(a+b+c)2b b-c-a 2b
a 2c 2c c-a-b 2c 2c c-a-b
Cc,—>C,-C,|1 0 0 (@sba0) o
—(a+b+
= 2b —(a+b+c) 0 =(a+b+c)
0 —(a+b+c)
C,—»>C;-C,|2c 0 —(a+b+c)
=(a+b+¢)°®
c CCaa+b+ca2 al a 1 a a’
—-C,+
D™ "7 T'b a+b+c b’|=(a+b+c)b 1 b’=—(a+b+c)l b b’
B c a+b+c ¢ c 1 c? 1 ¢ c?
=—(a+b+c)(a=b)(b—c)(c—a) , by 2 (b)
C e 20 20 a®> —(a®+b?+c?) ho a®> 1 ho
D2 2T T —(@+b?+¢?) ca=—(@’+b’+c’)b® 1 c
- > —(@®+b%+c?) ab c® 1 ab
a1 1/ a® a 1 1 1
=—abo(@® +b?+c?)b?> 1 1/b=—(a®+b*+c?)b* b 1=(a®>+b*+c’)a b c
¢ 1 1c ¢ ¢ a p c
=@+b*+cA(a+b+c) (a=b)(b=c)c=a), by2(c)
1 abc abc abc b b a b c
LHS=—1bc(c-b) ca(a-c) ab(b—a):Mc—b a-c b-
anc b’c c’a a’b anc b c a
R R 4R a b c
+
2_)_2 *abcc a bl =abc(a®+b®+c®—3ahc)
b ¢
1 —x —X —X 1 —-x -x =X
R, >R, +R,
D(x):o nN+x a+x a+x 123 1 a a
0 b+x r,+X a+x(_ _’) 1 b r, a
0 b+x b+x r+x 1 b b

1 a a rnr 1 a rn a1
=DO)+x1 r, a+x/b 1 aj+x{b r, 1, byexpansoninR;.
1 bor b 1 b b 1




10.

11.

12.

1 1 1 0
=D(0 rlaal—D0+A *
—()+xb Zal—()x e (%)

b b r, 1
By substitution, it can be seen that D(-b) = (ry —b)(r, —b)(r3 — b) =f(b)
and D(-a) = (i —a)(r2—a)(rs —a) = f(a)
By (*), f(b)=D(-b)=D(0)—bA (D

f(a) = D(-a) = D(0) —aA ... (2

Solving (1) and (2) for D(0), result follows.

ab+bc+ca ab+bc+ca ab+bc+c
D(a,b,c) bc ca ab =0, sinceR; and R; areinratio.
1 1 1

Therefore a, b, ¢, (b—c), (c—a), (a—b) arefactorsof O.

Writing a=sinx, b=sny, c=shz ; Pp=cosSX, (=COSYy, r=cC0Sz
a b c 1 1 1
D=| 2ap 2bq 2cr  |=abq 2p 2q 2r
a(3-4a*) b(3-4b*) c¢(3-4c?) 3-4a® 3-4b* 3-4c?
R, —>R,-R, 1 0 0

q-r r-p

- ab 2 2(g- 2(r— =8ab
P 2a=n - 2Ar-p) O{<o:—r)<q+r) (r—p)(r+p)

R, >R, >R, [3-4a®> 4(c’-b?*) 4(a-c?)
=8abc(q-r)(r-p)(p—a)
=8sinxsinysinz(cosy — cos z)(cos Z — cos X)(CoS X — CoS y)

Method 1

q —sin(0+x) sin(0+x) cos(0 +x) cos(0 + Xx) cos(0+x) sin(O+x) O

—D= —sin(0+y) sin(6+y) 1+[cos(0+y) cos(0+y) 1l+|cos(0+y) sin(6+y) 0 =0
—sin(6+2z) sin(0+2) cos(0+2z) cos(0+2) cos(0+z) snO+2z) O

D isindependent of 6.

Method 2
—2sin(—x+y)sin(x_yj 2cos(x+y)sin(x_y) 0
cos(0+x) sin®+x) IR, »>R,-R, 2 2 2 2
cos(0+y) sin(0+y) = —ZSin(u)sin(uj ZCo{ujsin(u) 0
. 2 2 2 2
cos(0+z) snO+z) 1R, >R,-R, cos(0 + 2) SO+ 2) 1

e XY\ Y2 s ) C°{X;y):_4sm Ko ) V=2 ) g 2
B (2)(2)5‘”()/;2)00{)/;2) (2)(2j(2)

which isindependent of 6.




13. Let f(2) = given determinant.

f((1+a’) sin(n/6))=0, by substituting into the given determinant, R, and R; areequal.

f((L+a’) sin(n/3)) =0, by substituting into the given determinant, C; and Cs

f((L+a) x) isadeterminant of degree 3.
It can be easily seen from the determinant that :
Let o bethethirdroot,

areinratio.

Coefficient of x*—term=0.

Sum of roots = o, + sin (n/6) + sin (n/3) =0

1 43
2 2
1 — 2ac0SX a’
14. A= cos(n—1)x —2cosnxcosx cos(n+1)x
—2COSX | . . .
sn(n-1)x —2sinnxcosx sin(n+21)x
1 - 2acosx a’
= > cos(n—-1)x —[cos(h+1x+cos(n—-1)x] cos(n+1)x
TEOSXlGnn—-1x  —[sin(n+D+sn(n-1)x] sin(n+1)x
C G iC sC L 1 1-2acosx +a’ a’
—-C,+C +
2 L cos(n —1)x 0 cos(n +1)x
B ~2cosx sin(n—1)x 0 sin(n—-1)x

_ 1-2acosx +a’ [cos(n—1)x cos(n+1)x

2C0SX
_ 1-2acosx +a’
2C0sX

sn(n-Y)x sin(n—-1)x

sin2x = (1- 2acosx +a?)sin x

1 cosA cosA| [1 —-snA sSnA

15. LHS = |1 cosB cosB|+[1 —snB snB|+

1 cosC cosC| 1 -sinC snC

=0+0+0+RH.S =RHS

1 —-sinA cosA| [L cosA sSnA
1 —sinB cosB|+[1l cosB snB
1 —-sinC cosC| [1 cosC snC

snB snC| |snA snC| [snA snB . . .
16. = - + =sin(A-B)+sn(B-C)+sin(C-A)
cosB cosC| |cosA cosC| |cosA cosB
B+C). (B-C C+A) . (C-A
C,»C,-C;| 1 0 0 2cos( * Jsm[ ] 2cos( i Jsm[ ]
A = sinA sSnB-snC sinC-snA|= 2 2 2 C2—A

C,>C,-C,|cosA cosB-cosC cosC-cosA

() oS

2

CO{B+CJ co{C+A)
. (B-C). (C-A . (B-C\. (C-A). (A-B
=—4sm( jsm[ j BEC CEA =—4sm( )sm( )sm( j
2 2 gn( js-n( ) 2 2 2
2
17. Expansion on both sidesgivesresult. |A||B|=|AB| for 2 x 2 determinants.

18. D =first given determinant =D’ (the transpose)

=DD’

Therefore, second given determinant

= (b—c)(c—a)(a—b) , by 2(b)
[(b—c)(c-a)a-b)®



19.

20.

21.

22.

23.

24.

25.

Interchanging C, and C; givesthefirst result.
Let thefirst given determinantbe D .

ab c-a -c -b [2bc-a? b?

then D?=|c a bjc b al=| b’ 2ab—c?
c

2 2

b c b a c a

C2
a2
2ca—b?

= |last determinant, by interchanging C, and Cs,then R, and Rs.

b ¢
Theother factoris |a b ¢ =0.
0 0O
ab cb c 2ab  ac+Db? bc+a2R R 2ab  ac+b? bc+a?
<>
c a bla b c=lbc+a® ab+c> 2ac | ? Slab+b?> 2bc  ab+c?
b c a0 0 0 [@+b®> 2bc ab+c? ~ |bc+a? ab+c?  2ac
Sy S, S; 1 1 1\1 o® of 1 1 1t o of
S, S S;|=[a’ B* y'|1 B* B°|=|a* B y'1 B* B°
Se Ss Sl [la® BT y* AL v 7)) |a® BT L y? P
D3:D3':D1XD2:D1X0:0.
C,>C,-C,| 1 0 0
c—-a a-b 1
|A| = a+b c-a a-b |= =(c-a)(a-h)
b(c—a) c(a-h) b

C,—>C,-C/| a b(c-a) c(a—-h)
=—(c-a)(a—h)(b-c)

x? x 1

X=ly> y 1
22z 1

det B = (det x) (det A) = [-(x —y)(y - 2)(z—-X)][-(a—-b)(b-c)(c-a)] =

A H G |[eGA+hH+gG aH+hB+gF aG+hF+gCl |[A 0 O
(@ AxH B F|=|hA+bH+fG hH+bF+fF hG+bF+fC/=|0 A 0O|=A°
G F C| |[gA+fH+cG gH+fB+cF gG+fF+cC| |0 0O A

Therefore, if A0, cancel A onbothsides, resultfollows.

if A=0, bothsides=0 and resultfollows.

1 HG |a0o0

(b) Ax/0 B F|=|h A 0O]=aA’
0O F Cl |[g 0 A
A (BC—F?) =aA?.

Result followsfor both A=0.

Consider Ax Similar to 24 (b).

O I >
R O o
O 1 ®

X=y)y-2)(z—x)(a-b)(b-c)(c-2a)



26.

27.

28.

Multiply Ry by a, R, by b, Rs by c inthegivenequation, we get

a a’+abcx b a a’ b a 1l he
b b?’+abcx cd=0 = b b? ca+abcxlb 1 ca=0
c c’+abcx ab c ¢ ab c 1l ab

In the second determinant in the last equation, use C; — C3—(a+b+c) C, + (ab+ bc + ca)C,,
then evaluate by  2(b).

The first determinant can be evaluated by  2(c).

Weget (a—b)(b—c)(c—a) (ab+ bc+ ca) —abcx (a—b)(b—c)(c—a) =0.

Therefore xzw
abc
1 sin?6 cos? 0 4sin20
0 1+sn®06 cos’O 4sin20 |
0 sn?0 1+cos’6 4sn20
0 sn?0 cos’® 1+4sin20
Use R—>R-R;, i=23,4.
1 sin?’0 cos’® 4sin20 \ 1+sin’0+cos’0+4sn20 sn?’® cos’O 4sin20
-1 1 0 0 |_,G-2C 0 1 0 N
-1 0 1 0 - 0 o 1 0
-1 0 0 1 0 0 0 1

Therefore  1+sin0+cos’0 +4sin20=0
2+4sn20=0  20=nx+ (-1)" (-n/6)

1 i
0=—nn+(-D)"|-—— | , where n isaninteger.
2 1 ( 12) .

Method 1

x x? a) [x x* x® X Xx? 1 x X2

b b?> a-b b* b’l=0 = a’lb b?> 1-xbcl b b*=0
c ¢ al |c ¢& ¢ c ¢ 1 ¢ ¢

a® (x —b)(b—c)(c—x) —xbc (x—=b)(b—c)(c—x) =0
(b—c) (x—b) (c—x)(@—xbc) =0

3
a
X =b,c,—

bc

Method 2

Itcanbeseenthat x=b,x=c arerootsof the given equation by Factor Theorem.

Degree of theeguation =3 and let o bethethird root.

From the determinant, Coefficient of x> —term =b’
Coefficient of constantterm = - a’b’c
Product of roots =abc =- (- a’b’c)/(b’c), solvefor o we have:
a3
X =b,c,—

bc




29. A=a+2b°—3ab®=(a+2b)(a—b)’=7(x + 1)(x —2)
Therefore , x=-1 or 2.

abd” labcdach.i|spop
30. [c a b =|c blb a c=p s p

b c 4 b c alc b d |[pp s

abd” labcdahbcdx zy

c a b =|c a bjc a b= X

b c 4 b c ab c Z Yy X

31 O—A::xli+ylj+zlk, @:x2i+y2j+zzk, &:x3i+y3j+z3k

1 Xy
Areaof ABC = l‘ﬁxrqzll X, Y
2 2 2 2

1 X3 Y

Areaof parallelogram formed by OB and OC as adjacent sides = ‘EB X &:\

. A Xl yl Z1
Volume of parallelepiped :OAo(OBxOC): X, Y, Z,

X3 Y3 Z3

32. Areaof triangleformed by (x,y), (X1, VY1), (X2,Y2) =0
By no. 31, result followed.

33. Li:Aj+Biy+C=0, i=12,3 areconcurrent
= L3 passesthroughtheintersection pointof L; and L,
= XYy)=(A/A,AA) satisfies Ls

=  Coefficient determinant =0

The condition is not sufficient,
Consider 3 paralel lineswhich are not concurrent, the coefficient determinant = 0



